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ABSTRACT 
A stochastic method which uses a modified Langevin 
equation to represent the velocities of the fluid seen by a parti-
cle in a turbulent field is explored.  Calculations of the disper-
sion of particles from a source on a wall agree with calculations 
at Reτ = 150 which use a DNS to represent the fluid velocity 
field.  The paper demonstrates how wall source calculations can 
be used to analyze problems involving atomization and deposi-




A critical issue in developing a model for annular gas-
liquid flow in a horizontal system is the prediction of the effect 
of gravity on the spatial distribution of droplets, on the deposi-
tion constant and on the droplet turbulence.  This paper presents 
the results of numerical experiments aimed at studying these 
phenomena.   
Because of gravity the liquid film on the wall has a non-
uniform distribution.  Droplets are torn from the film and un-
dergo trajectories which depend on gravity and on the fluid 
turbulence.  Eventually, they deposit on the wall.  The drop 
concentrations are approximately constant in planes perpen-
dicular to the gravity vector.  They decrease in the vertical di-
rection because of the effect of gravity.  The local deposition 
rate depends on local concentration at the wall and on the local 
deposition constant.   
A discussion of the modeling of entrainment in a horizon-
tal annular flow has been presented by Pan and Hanratty [1].  
Baik and Hanratty [2] have recently explored a mechanism for 
the transition to annular flow in large diameter pipes which 
considers whether droplet mixing is sufficient to form a film on 
the top of the pipe.  The results of this study are used to address 
theoretical issues raised in these papers.   
The simplified system that is considered is a horizontal 
channel for which droplets enter the field from the bottom wall.  
Most of them eventually deposit on the bottom wall.  A smaller  
nloaded From: https://proceedings.asmedigitalcollection.asme.org on 06/30/2019 Terms of Unumber deposit on the top wall.  These can be removed from 
the field or they can be replenished by drops that enter the field 
from the top wall.  The trajectories of the drops are described 
by a stochastic process.  The equation of motion of the drops 
includes the influences of gravity and of fluid drag.  The fluid 
velocities seen by the particles are described by a Langevin 
equation [3 – 5].  Particles are admitted to the field by giving 
them an initial velocity at the wall.  The concentration field is 
described as resulting from a distribution of sources.  The con-
centration is assumed to be small enough that particle / particle 
interactions and the influence of the particles on the fluid turbu-
lence can be ignored.   
Considerable progress has been made in recent years in 
understanding the dispersion and deposition of particles in a 
vertical duct by using a direct numerical simulation [6, 7] or a 
large eddy simulation [8, 9] to represent the fluid turbulence 
seen by the particles.  This approach has its limitations in that 
computer times are so large that a wide range of conditions 
cannot be easily explored and that the numerical analyses are 
limited to small Reynolds numbers.  Stochastic models of the 
type explored in this paper offer practical alternatives to ex-
plore the physics.   
The simulations of particle motion presented in this paper 
differ from most previous numerical simulations in that a fully-
developed concentration field is considered and the influence of 
gravity on the deposition rate is explored. 
COMPUTATIONAL METHODS 
Definition of the System 
Fig. 1 depicts the system considered in this paper.  Annular 
patterns in a horizontal channel through which a gas is flowing 














Fig. 1.  Gas-liquid horizontal annular flow. 
 
bottom wall at a rate per unit area of RA0 and a velocity of v20 / 
v* = 1, where v* is the friction velocity.  A portion of the drops 
reach the top wall and the rest return to the bottom wall. A 
droplet is assumed to be deposited when it reaches a wall.  A 
fully-developed stationary spatial distribution of droplets is 
calculated by using the following conditions [10],  
RA0 = R0    and  RAH = RH ,    (1) 
where R0 is the rate of deposition at the bottom wall, RAH is the 
rate of atomization at the top wall, and RH is the rate of deposi-
tion at the top wall.  By considering instantaneous line sources 
at the bottom and top walls, the fraction of the particles that 
reach the top, F0H, and bottom, FH0, walls are calculated.  
Binder and Hanratty [10] showed that RAH for a fully-developed 





.     (2) 
When gravitational effects are large, RAH = RH = 0 and a film 
flow on the top wall does not exist.  
Two Reynolds numbers, Reτ = 150 and 590, which are de-
fined with the friction velocity, v*, and the channel half height, 
H, were considered.  A Lagrangian stochastic method which 
uses a modified Langevin equation to calculate the fluctuating 
gas velocity seen by particles was tested at Reτ = 150 by com-
paring the results with calculations that used the gas velocities 
obtained from a DNS in the absence of solid particles.  After 
verification, the stochastic method was extensively used at Reτ 
= 590.   
 
Equations Describing Dispersion from an Instantaneous 
Wall Source 
A fully-developed distribution of particles is calculated 
from simulations of the dispersion of particles from point 
sources, which are located at the bottom and top walls, by using 
the Lagrangian methods developed by Hanratty [11] and Pa-
pavassiliou and Hanratty [12] to add the contributions of the 
wall sources.  The motion of the particles from a wall source is 
calculated with the following equations: 
dxi
dt














  , (4) 
where Vi is the velocity of a particle, Ui is the gas velocity seen 
by a particle, ρf is the density of the gas, ρp is the density of the 
particle, dp is the diameter of the particle, and gi is a component 
of the acceleration of gravity.  In the system shown in Fig. 1, g2 
= - g and g1 = g3 = 0, where g is the magnitude of the accelera-





0.687( ),   (5)  
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the magnitude of the relative velocity |V - U|.  The gas velocity 
seen by the particle is calculated from a DNS or a modified 
Langevin equation.  The influence of the particles upon the gas 
phase turbulence was ignored (one-way coupling was as-
sumed).  Thus the friction velocity, v*, which will be used to 
make variables dimensionless considers the fluid phase in the 
absence of particles.   
A total of N = 10,000 particles were released from the bot-
tom and top walls with dimensionless velocities of v1+ = 15, v2+ 
= 1, v3+ = 0 and v1+ = 15, v2+ = - 1, v3+ = 0.  These initial veloci-
ties are assumed based on our guess that the particles are en-
trained in the flow field by being blown away from the surface 
of the film flow by strong turbulence events (such as bursts).  
The computations for the behavior of an instantaneous wall 
source were completed when all the particles deposited.  In the 
DNS the particles were distributed uniformly on the walls so as 
to include as many realizations as possible.   
 
Representation of Gas-phase Velocity Field 
The DNS of fully-developed turbulent fluid flow in a 
channel was performed in a box with dimensions of 1900 ν / v* 
in the streamwise direction (x1), 300 ν / v* in the wall-normal 
direction (x2), and 950 ν / v* in the spanwise direction (x3), 
where ν is the kinematic viscosity.  A pseudospectral fractional 
step method [13] was used for the spatiotemporal discretization.  
The computational grid was 128 × 65 × 128.  The resolutions in 
the streamwise and spanwise directions were ∆x1+ = 15 and 
∆x3+ = 7.4.  The resolutions in the perpendicular direction var-
ied from ∆x2+ = 0.18 at the wall to ∆x2+ = 7.4 at the channel 
center.  No slip boundary conditions were used at x2 = ± H and 
periodicity was assumed in the x1 and x3 directions.  The time 
step was ∆t+ = 0.25.  The gas velocity seen by the particles was 
calculated using a mixed spectral-polynomial interpolation 
scheme developed by Kontomaris et al. [14].   
The stochastic analysis used a modified Langevin equation 
to evaluate the fluid velocity seen by the particles.  The change 











dt + dµ i + dµ i′ ,   (6) 
where τi is the Lagrangian time scale, σi is the Eulerian root-
mean-square of the velocity fluctuations in the i-direction [15], 
and dµi is a random forcing function which consists of a mean 
drift dµ i  and a fluctuation dµ i′.  The specification of τi is dis-
cussed in the next section.  The mean drift dµ i  is obtained by 











dt ,    (7) 
where a value with an overbar indicates an ensemble average.  
The Eulerian averages obtained from the DNS are used for the 
ensemble averages and σi.  The DNS database provided by 
Moser et al. [16] was used to specify the ensemble averages 
and σi in the simulations at Reτ = 590.  The covariances of dµ i′ 
are obtained by using the definition of stochastic differential 
[17],  2 Copyright © 2003 by ASME 
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dt + o(dt)2 .  (8) 
The random forcing function dµ i′ is assumed to be jointly 
Gaussian [18].  Thus the triple correlations in (8) are taken to 
be zero because of the assumption of Gaussian turbulence.   
At each time step, the displacements of the particles, Eq. 
(3), are firstly calculated by using the second-order Adams-
Bashforth method.  Then, when using the DNS, the fluid ve-
locities seen by particles are calculated by interpolating the 
velocities obtained from the DNS at the time step that has just 
been completed.  In the stochastic simulation, Eq. (6), is solved 
by using a fully implicit method in order to specify fluid veloc-
ity.  The time steps for the stochastic simulations were ∆t+ = 
0.25 for Reτ = 150 and ∆t+ = 0.5 for Reτ = 590.  Finally, the 
particle velocity is calculated from Eq. (4) by using the second-
order Adams-Bashforth method.   
 
Selection of the Time Constant in the Langevin Equation 
A critical issue in using the modified Langevin equation 
(6) to approximate the fluid velocity seen by particles is the 
specification of the time scales, τi.  For fluid particles, the time 




C0 ˜ ε 
,     (9) 
where ˜ ε  is a modified dissipation rate of turbulent energy de-
fined as 




















,   (10) 
where k is the turbulent energy.  Sawford [20] suggested C0 = 7 
and Du et al. [21] suggested C0 = 3 ± 0.5 from experiments in a 
homogeneous, isotropic field.  Mito and Hanratty [18] obtained 
C0 = 3.5 from experiments done in a DNS of fully-developed 
turbulent flow in a channel.  Mito and Hanratty [18] found that 
this scaling law does a good job but that it does not capture the 
correct behavior in the near wall region.   
In the simulation of the fluid velocities seen by solid parti-
cles, the time scales can be adjusted to take account of the in-
ability of heavy particles to follow exactly fluid particles.  This 
assumption has been explored by Perkins [3] and Pozorski and 
Minier [4].  We examined this approach by changing the func-
tions describing the time constants and found the simple ap-
proach of using the time constants characterizing diffusion of 
fluid particles to be satisfactory [5].   
Lagrangian autocorrelations were calculated for point 
sources located at different x2 in the DNS at Reτ = 150, 300.  
These were used to specify τi(x2) for x2+ ≤ 40, Reτ = 590.  The 
scaling law, Eq. (9), obtained from the DNS for Reτ = 150, 300, 
was used to determine τi for x2+ ≥ 100.  Time scales in the re-
gion 40 < x2+ < 100 were obtained from a linear interpolation 
between these inner and outer laws.    
aded From: https://proceedings.asmedigitalcollection.asme.org on 06/30/2019 Terms of UseCalculation of Fully-developed Fields 
As mentioned above concentration fields are calculated by 
using a Lagrangian method, which pictures the field as result-
ing from instantaneous wall sources that entered the flow at 
different previous times.  For a fully-developed field this be-
comes simple since the concentration is varying only in the x2-
direction.   
The computational experiments involved the injection of N 
particles at time zero.  The numbers of particles in bins of size 
dx2 at given values of x2, n(x2,t), were calculated at different 
times.  The ratio n / N, obtained in these calculations, represents 
the probability of the particles being in a bin at x2, P(x2)dx2.  
The strength of a differential wall source is RA0Adt, where RA0 
is the rate of injection of particles at the wall per unit time per 
unit area and dt is a time interval over which drops are admitted 
from a wall source.  Thus, for a given source at the bottom of 
the channel 
n(x2 , t) = P(x2)dx2RA 0Adt .   (11) 




= v∗P(x2 )dt .    (12) 
The sum of the contributions to the concentration at x2 of 





∞∫ .   (13) 
The integral in Eq. (13) converges when all of the N particles 
from a wall source are deposited.  The same method is used to 
calculate the contribution from the top wall sources, Ctv* / RAH.  
The strengths of the sources on the top wall are specified by 
using (2).  Then a fully-developed concentration field, Cv* / 











.   (14) 
Other statistics for the fully-developed field, which may include 
velocity components, are calculated with the average values 
taken for the contributions from sources on the bottom and top 
walls, fb and ft, as   
f = Cb fb + Ct ft
C
.    (15) 
RESULTS 
Definition of Variables 
The motion of a sphere described by Eqs. (4) and (5) is 
governed by the diameter, dp, the density ratio, ρp / ρf, and 
Froude number, Fr (= v*2 / 2gH).  In the range of Rep ~ 1, which 
are presently considered, the effect of dp on the motion of a 
particle is much smaller than the effects of the other two pa-
rameters.  The particle diameter enters the problem, to specify 
the particle distance from the walls, dp+ / 2, at which deposition 
occurs.   
Spheres with a uniform diameter, dp+ = 0.368, were as-
sumed for the particles.  The dimensionless group representing 
the velocity at which the particles enter the field, v20 / v*, was 
fixed at unity.  A wide range of Froude number Fr, from 0.005 
to infinity, were considered to examine the effect of the free-
fall velocity, VT, on the distribution of particles and the rates of 
deposition.  Three density ratios, ρp / ρf = 665, 1325, 2650, 
were considered to examine the effect of the inertial time con-
stant of the particles, τp.   3 Copyright © 2003 by ASME 
: http://www.asme.org/about-asme/terms-of-use
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mensionless groups VT+ = VT / v* and τp+ = τpv*2 / ν.  The iner-




+ (ρ p /ρ f )
3CD V
+ −U+
,     (16) 
and the free-fall velocity is obtained from Eq. (4) as  
VT









  .    (17) 
This introduces a small complication since the velocity differ-
ence |V+ - U+| varies with time.  For the case where the drag is 
represented reasonably well by Stokes law, CD|V+ - U+| is inde-




+2 (ρ p / ρ f )
18
.    (18) 
For the presentation of the results in this paper the time con-
stant is defined from a consideration of free-fall that is obtained 
from Eq. (17).   
The dimensionless group Reτ = Hv* / ν is introduced and 
the velocity field is specified either by the Langevin equation or 
by a direct numerical simulation.  A value of Reτ = 150 was 
used in the calculations in which the accuracy of the stochastic 
methods was examined.  The calculations for an annular flow 
were carried out for Reτ = 590.   
 
Verification of the Stochastic Analysis 
Figure 2 compares calculations for an instantaneous wall 
source of the probability density function, P(x2), for finding a 
particle between x2 and x2 + dx2.  The conditions are Reτ = 150, 
VT+ = 0.109 and τp+ = 20.  The abscissa is the dimensionless 
distance from the bottom wall.  The parameter t+ represents the 
time the particles have been in the field.  The dotted and solid 
lines, respectively, represent calculations in which the fluid 
velocities seen by the particles are obtained from a DNS and 
from the stochastic analysis.  Good agreement is noted.   
At small times t+ ≤ 50 peaks are observed in the near wall 
region.  This is caused because the particles released with a 
velocity, v20, tend to lose memory of their initial motion at x2+ ≅ 
0.65 v20+τp+.  As time proceeds the particles are mixed by the 
fluid turbulence and gravitational settling.  The particles deposit 
on the bottom wall and at large times no particles are present in 
the field.   
A probability distribution function for the velocity with 
which the particles hit the bottom wall is defined by plotting Ý n b  
/ RA0dv2+ versus - v2+, where Ý n b  is the number of particles hit-
ting the wall per unit area per unit time with velocities between 
v2+ and v2+ + dv2+.  This is presented in Fig. 3.  Again remarka-
bly good agreement is noted between calculations that used the 
DNS to represent the velocity field and calculations that used 
the stochastic model.  The line with dots and dashes in Fig. 3 
represents the free-fall velocity.  The presence of a peak close   
























Fig. 2. Concentration of the particles released at the bottom  























Fig. 3. Velocity distribution of the particles depositing at the  
bottom wall in the fully-developed field (Reτ = 150,  
VT+ = 0.109, τp+ = 20). 
 
to VT+ indicates that gravitational settling is affecting the depo-
sition rate.  The long tail indicates that significant contributions 
to the flux are being made by particles which have velocities 
characteristic of fluid velocity fluctuations at a distance from 
the wall.   
 
Stochastic Analysis at Reτ = 590 
Calculations of P(x2) for an instantaneous wall source at 
the bottom wall for Reτ = 590, VT+ = 0.115 and τp+ = 20 are 
very similar to what is given for Reτ = 150.  At small times (t+ ≤ 
50) peaks are noted at the same x2+ as shown in Fig. 2 for Reτ = 
150.  This analysis indicated that the fraction of the particles 
hitting the top wall was 5.3 × 10-3.   
Results such as this and Eqs. (13, 14) were used to calcu-
late a fully-developed concentration field, in Fig. 4, that con-
siders sources on the top and bottom walls that have a relative 
strength of RAH / RA0 = 5.3 × 10-3.  Thus, the contribution of top 
wall sources for this case is very small.  The location of the 
peak near the bottom wall corresponds to the location of the 
peak in P(x2).  It is associated with particles which have entered 
the field very recently (t+ ≤ 50).  The accumulation of particles 
near the walls is caused by diminishing values of turbulent dif-
fusivity and by turbophoresis.   
In the center regions of the channel the concentration pro-
file is approximated by a logarithmic relation.  This implies that 
the turbulent diffusivity is constant in this region.  The mean 
turbulent diffusivities in the center region are given in Table 1.  4 Copyright © 2003 by ASME 
e: http://www.asme.org/about-asme/terms-of-use
DownThese are calculated by using a diffusion model [1, 22] in 





− VT C = a ,    (19) 
where a is a flux and εt is a turbulent diffusivity.  For the fully-
developed field a = 0.  It includes contributions from the bot-
tom wall sources, F0HRA0, and contributions from the top wall 
sources, - FH0RAH.  The dotted line in Fig. 5 presents Eq. (19), 
in which the constant turbulent diffusivity shown in Table 1 
was used.  Good agreement between the calculation and the 
diffusion model is shown in the center region of the channel.  It 
is noted that the turbulent diffusivities made dimensionless with 
the global parameter, H, approximately agree for different Rey-
nolds numbers or free-fall velocities.  Calculations of the prob-
ability function for the velocity distribution of particles deposit-
ing on the bottom wall are similar to what is shown in Fig. 3 for 
Reτ = 150.  It is characterized by a peak close to VT+ and a long 
tail.   
Figure 5 presents calculated dimensionless rate constants 
[23] defined as 
kDB
+ = RA0 + RAH
2CBv
* ,    (20) 
where (RA0 + RAH) / 2 is the average rate of deposition on both 
the top and bottom walls, CB is the bulk mean concentration 
and v* is the friction velocity.  The square symbols represent 
calculations for τp+ = 5, the triangles, for τp+ = 10, the circles, 
for τp+ = 20.  At VT+ = 0, k+DB = 0.0021 for τp+ = 5, k+DB = 0.027 
for τp+ = 10, and k+DB = 0.088 for τp+ = 20.  Thus, as has been 
found in a number of previous studies k+DB increases with τp+ 
when gravitational settling is not important because free-flight 
deposition is enhanced with increasing τp+.  The effect of VT+ is 
to increase k+DB.   
Two regimes are noted.  At small VT+ the deposition con-
stant increases because of the contribution of gravitational set-
tling and the distortion of the concentration profile.  At very 
large VT+ the particles are located in a region close enough to 
the wall that a logarithmic relation is not observed.  The parti-
cle mixing is similar to the saltation regime that is noted in 
sediment transport.   
The variable VT+ represents the influence of τp+ and gi+ (1 - 
ρf / ρp).  For a fixed τp+ it increases with the magnitude of the 
dimensionless gravitational constant, gi+ = gν / v*3.  For a hori-
zontal channel and a constant gravitational constant, decreases 
in VT+ at a constant τp+ represent increases in v* for a constant 
liquid viscosity.  Thus, increases in VT+ at a constant τp+ reflect 
increases in the relative importance of gravity and turbulence in 
dispersing the particles.  For a fixed VT+ the dimensionless 
gravity, g+, is larger for smaller τp+.  This is manifested at small 
VT+ by a stronger effect of VT+ on the deposition constant and, at 
large VT+, by an increase in the deposition constant with de-
creasing τp+.   
The deposition constant defined by Eq. (20) represents the 
average rate of deposition at the bottom and top walls.  In order 
to consider the rates separately, the following definition is used,   
loaded From: https://proceedings.asmedigitalcollection.asme.org on 06/30/2019 Terms of UTable 1. Turbulent diffusivities at the center region of the  
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Fig. 4. Concentration of particles in the fully-developed field  





























* ,    (21) 
where Cb40 is the concentration at x2+ = 40 above the bottom 




* ,    (22) 
where Ct40 is the concentration at x2+ = 40 below the top wall.  
These rate constants are plotted in Fig. 6.  In these definitions, 
rate constants at large VT+, for which Cb40 ≅ 0, Ct40 ≅ 0, cannot 
be calculated.  The shapes of the profiles of k+Db40 are similar to 
those of k+DB.  As expected, rates of deposition at the top wall, 
k+Dt40, decrease with increasing VT+.   
CONCLUDING REMARKS 
This paper presents several novel results: (1) It substanti-
ates a stochastic model for turbulent dispersion of particles 
which uses a modified Langevin equation to describe the fluid 
velocities seen by the particles.  (2) It shows how disperse flow 
can be modeled as resulting from a distribution of wall sources.  




















































Fig. 6. Rates of deposition at the bottom wall, kDb40
+ , and  
those at the top wall, kDt40
+ . 
 
annular flow to obtain a physical understanding of the effect of 
gravity on particle mixing and on rates of deposition.   
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